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Abstract 

We study several controllability properties for some semilinear parabolic PDE with a 
quadratic gradient term. For internal distributed controls, it is shown that the system is 
approximately and null controllable. The proof relies on the Cole-Hopf transformation. 
The same approach is used to deal with initial controls. 
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1. Introduction 

We study some controllability properties for the following semilinear parabolic bound- 
ary value problem 

yt{x,t) - Ay{x,t) = {Vyix^t)]"^ ■ (j){y{x,t)) + u{x,t)xuj{x) in Qt, 

yix,t) = ouEt, (1) 

y{x,Q) = yo{x) in ft, 

where Qt = x (0,T) and St = F x (0,r), il being an open bounded domain of 
E", with boundary F of class and T a positive (fixed) real number. Moreover, ut 
is a nonempty open subset of Q (possibly small), Xuj is the characteristic function of 
uj and is a real function. As usual, we will denote yt{x,t) = ^{x,t), Vy{x,t) = 

Given T > fixed, it is said that problem ((T)) is approximately controllable in L?{Vl) 
at time T by using controls in lA if, for each initial condition yo in certain space, yd G 
L^(r2) and e > 0, there exists u & U and a solution y of the problem ([T]) that satisfies 
\\y{-,T) — yd\\L^{n) < £■ Furthermore, it is said that problem (P) is null controllable at 
time T by using controls in U when for each initial condition yo, there exists u G U and 
a solution y of the problem ([T]) satisfying y{x,T) = in fl. 
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In the last years, there has been a great interest in the controllabihty of parabohc sys- 
tems with internal distributed control (among others, see Q, ] ^'^'^ the references 
therein). Mainly, these works try to characterize the class of parabolic problems having 
the mentioned controllability properties. By now, it is well known that the approximate 
controllability holds for most of the linear parabolic PDE. In the nonlinear case, many 
results are related with the system 

ytix,t) - Ay{x,t) + f{y{x,t),Vy{x,t)) = u{x,t)xcu{x) in Qt, 

y{x,t) = on St, (2) 

y{x,0) = yo{x) in fl. 

Roughly speaking, the situation can be described as follows: 

• for n = 1 and f{y,yx) — VVx (i-e. Burgers equation), it is known that the system 
(2]) is not approximately controllable in L^{il) at time T by using controls in L^[uj x 
(0,T)), see [i. Theorem 6.3, Chapter I]. 

• for functions f{y,'\Iy) globally Lipschitz with respect to {y,\7y), the system (0) is 
approximately controllable in HQ^fl) at time T for all p 6 [0,1), see [y. Theorem 
3.3], and null controllable at time T (when /(0,0) = 0), see [8|, by using controls 
in L^{u} X (0,r)). 

• for functions /(y, Vy) growing slower than 

\y\ log3/2 (1 + \y\ + |Vy|) + \Vy\ log^/^ ^ |y| ^ |yj^|)^ (3) 

as |(y,Vj/)| — > +CXD, the system ([2]) is null (when /(0,0) — 0) and approximately 
controllable in L^{ri) at time T, by using controls in L°°{u} x (0,r)), see |i4]. 

In general, the proofs of these results are quite technical and involve Carleman esti- 
mates together with sharp parabolic regularity results. 

The main contribution of this paper is presented in Theorem [TJ where it is shown 
that (m is approximately controllable in L^{il) and null controllable at time T by using 
controls in L°^ {lu x (0,T)). 

2. Internal distributed control 

Let us begin by recalling some spaces that appear commonly in the framework of 
parabolic problems: 

W^'MQt) = {y e L^O,T;H^{n)) : yt G L\Qt)}, 

w^:oiQT) ^{ye L\o,T;H\n)nH^in)) yt e L^Qt)}. 

When r is C2, it is known that W^;q{Qt) = {y G L^{0, T; H^in)) : yt £ L^{Qt), Ay £ 
L2(Qt)} (see [13, p. 109 and 113]). It is also weh known that 

wI:1{Qt) C C([0,T];L2(r!)), W^jiQr) C C([0, T]; i/i(r!)), 

with continuous imbeddings. 

A crucial assumption along this paper is the following: 
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(H) (f) : M. — > R is a continuous function and there exists a real number a < such 
that ^ 

/ (/)(s)ds >a, Vr e R. 
Jo 

Now, let us introduce the function (p : R — > R given by 

(p{r) = [ exp ( / <j>{s)ds) dv, Vr e R. (4) 



Under condition (H), it is straightforward to show that (p is an strictly increasing 
function with range equals to R, thanks to 

(/3'(r)=exp( / 0(s)(is ) > exp (a) > 0, and ip" (r) ^ (j){r)ip' {r), Vr G R. (5) 



We will consider the problem ([T]) with control u € L°"{Qt) and initial condition 
yo G H^{n)nL°°{n). a function y e M^j ^ (Qt) n L°°(Qt) is said to be a solution of © 
if it verifies its PDE in the distribution sense and the initial condition in L^{il). 

Let us show that the problem ^ can be transformed into a semilinear one by using 
the Colc-Hopf transformation ([4]): given a solution y of problem ([T]), we define a new 
function given by 

z{x,t) = (p{y{x,t)). (6) 
It is easy to show that z G g (Qt) H L°°{Qt), because ip{0) = and 

zt{x,t) ^ (p'{y{x,t)) ■ yt{x,t), W z{x,t) ip' {y{x,t)) ■ Vy{x,t). (7) 

Furthermore, taking into account it follows that (in the distribution sense) 

Az{x, t) = ^"{y{x, m^yix, t)\^ + v'{y{x, t))Ay{x, t) 

= ^'{y{x, t)) {(t>(y(x, t))\Vy{x, t)]^ + Ay{x, t)) (8) 

= •f'{y{x,t)) {yt{x,t) - u{x,t)xu>{x)) = zt{x,t) - u{x,t)xcu{x)ip'{y{x,t)). 

Therefore, z can be viewed as a solution in o (Qt) H L°°{Qt) of the semilinear 
problem 

zt{x,t) ~ Az{x,t) = u{x,t)xui{x) ■ (f'['p^'^[z{x,t))) in Qt, 

z{x,t) = on Et, (9) 

z{x,0) = Lp{ya{x)) in f7. 

Remark 1. The existence of solution for problem ([T|) has been studied in many papers, 
even for less regular data u and y^ (see [l|, Theorem 5.6]), and for more general operators 
(see 0, Theorem 2.2]). Let us stress that we are dealing with more regular solutions 
than those obtained in these works. On the other hand, it was proved in [l[ that the 
problem ([1]) admits infinitely many weak solutions. Clearly, this nonuniqueness result is 
not relevant from the controllability view point, where only one solution satisfying the 
required conditions is required. 



Now, we can take advantage of the Cole-Hopf transformation in order to obtain the 
main result of this section 

Theorem 1. Let us assume condition (H) and yo e H^{n)r]L°°{n). Then, the system 
(OP is approximately controllable in L^(il) and null controllable at time T by using controls 
in L'^iuj X (0,r)). 

Proof. Let us begin by proving the approximate controhabihty property for ([1]). Due 
to the density oi L°°{n) in L'^{n), it is enough to approximate any element yd G L°°(fl). 
Given e > 0, by the approximate controllability for the Heat equation (see [l^, section 
10, chapter III] and [1^), we can guarantee the existence of a control v S L°°{Qt) such 
that the unique solution z in Wj.o (Qt) ^L°°{Qt) (see (13, P- 112] and Theorem 7.1, 
p. 181 and Corollary 7.1, p. 186]) of the linear problem 

zt{x,t) - /:!^z{x,t) = v{x,t)xu,{x) in Qt, 

z{x,t) = on Et, (10) 

z{x,^) = ^{yo{x)) in rj, 

satisfies \\z{-,T) — '■p{yd)\\L'^{n) < e ■ exp (a), where a is taken from (H). Inspired by the 
argumentation developed at the beginning of this section (that we are reversing now), 
we define 

y{x,t) = ^-\z{x,t)) in Qt. (11) 

Of course, y is well defined: Lp~^{s) exists for all s G K, because ip is an strictly increasing 
function with range equals to E. In fact, thanks to condition (H), we know that (^~^(s) 
is a globally Lipschitz increasing function with 

Furthermore, it is easy to show that y € W2q{Qt) H L''^{Qt), combining that z £ 
W"2,o (Qt) n L^{Qt), = and 

yt{x,t)^^ — iz{x,t)) ■ Zt{x,t), \7y{x,t)^^ — {z{x,t)) ■\7z{x,t). (13) 
as as 

Taking into account (O and (ITU)) ~ ([T^ . the next equalities follow in the distribution sense: 
Ay{x,t) = ^^(z(a;,i))|Vz(x,i)P + ^^iz{x,t))Az{x,t) 



\vzix,t)\^+ -0(j/(x,o) 
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{ip'{y{x,tW' ' ' " ^'{y{x,t)) '"^^^ ' "{^'{yix,t))) 

_^ Zt{x,t)- vix t)xUx) ^ _^(y(^^^))|vy(^,i)|2 _ u{x,t)xUx), 

ip'[y[x,t)) 

where we have selected the control 



Obviously, u belongs to L°°{Qt), thanks to ([5]): 

||w||l~(Qt) < \Hl'^{Qt) •exp(-a). 

This means that y is a solution of problem ([T]). Finally, combining the Mean Value 
Theorem, ^ and we obtain 

\\yi-,T)-y4L2(^n) ^ \\'P^^{z{-,T)) - iip{yd))\\L^n) 

\ 1/2 

z{x,T) ~ ip{yd{x))\'^dx < ex.p {-a)\\z{-,T) - ip{yd)\\L^(n) < e, 



ds 

where 9{x) denotes some intermediate value between z(x, T) and ip{yd{x)). This is exactly 
what we were looking for. 

The proof of the null controllability property can be seen as a particular case of the 
previous argumentation, taking e = 0, ?/d = and applying the null controllability result 
for the Heat equation with bounded controls, see 0, Theorem 3.1] and also fll| . 

Of course, there exist many continuous functions <f) verifying condition (H). Typical 
examples are (^(y) = exp (y) (with a — —\) and 0(y) = y2fc+i ^-^^ natural number 
k (with a = 0). More generally, </)(?/) can be any polynomial with highest term of odd 
order and positive main coefficient. It is also clear that some other usual functions do 
not verify condition (H), like (t>{y) = y^*^ for any natural number k. These cases deserve 



a specific treatment: for instance, the case (j){y) = 1 was studied in 12|. 

From Theorem [T] it follows that the hypotheses assumed in (see ([3])) are far from 
being necessary to derive the controllability properties, because clearly they are not 
satisfied in our framework. 



3. Initial control 

Previous argumentation can be also applied when the control is acting through the 
initial condition, like in the problem: 

yt{x,t) - Ay{x,t) = \Vy{x,t)\^ ■ ^{y{x,t)) in Qt, 

y{x,t) = on St, (15) 

y{x, 0) = u(x) in Q. 

Similarly to the previous case, it is said that problem (jlSp is approximately con- 
trollable in L^(r2) at time T by using initial controls u in certain space U if, for each 
yd G L^(ri) and e > 0, there exists u E U and a solution y of the problem (jlSp that 
satisfies \\y{-,T) - yd\\L2(n) < £• 

The following result can be proved in this context: 

Theorem 2. Let us assume condition (H). Then, the system U5\} is approximately con- 
trollable in L^(fi) at time T by using controls u G H^{^1) n L°°{n). 
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Proof. Given any element yd £ L°°{yi) and e > 0, by the approximate controllability 
proved in [l3|, Th. 11.2, pg. 215], we can guarantee the existence of a control v G 
Hlin) n L°°(rj) such that the unique solution z in W'^-^(Qt) n L°°{Qt) of the linear 
problem 

zt{x,t) ~ Az{x,t) = in Qt, 

zix,t) ^ on St, (16) 
z{x, 0) = v{x) in ri, 

satisfies ||z(-,T) — 'p{yd)\\L^{n) < e • exp(a). We finish the proof as in Theorem (TJ by 
selecting the control 

uix)^ip-\vix)), (17) 
that belongs to -ffp (fi) H L°°{il), thanks to the properties of (p. 
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